One of the promising capabilities of magnetic microswimmers is towing a cargo, which can be used for targeted drug delivery or performing tissue biopsy. A key question is what should be the optimal size ratio between the cargo and the swimmer's exible tail. This question is addressed here for the simplest theoretical model of a magnetic microswimmer undergoing planar undulations a spherical load connected by a torsion spring to a rigid slender link. The swimmer's dynamic is formulated and leading-order expressions for its motion are obtained explicitly under small-amplitude approximation.
Three dierent types of magnetic microswimmers currently exist, listed as follows. The rst type is made of a rigid helix which is possibly connected to a spherical head or cargo. The swimmer is propelled in a corkscrew-like motion under application of a rotating magnetic eld, cf. 
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These three types of microswimmers dier fundamentally in their direction of net motion:
for the rst swimmer type, the direction is determined only by the handedness of the rigid helix, so that reversing the sense of the rotating magnetic eld results in reversing the swimming direction. On the other hand, the second and third types of swimmers with a exible tail swim towards the direction of the constant component of the magnetic eld and orient themselves with the magnetic part at the front. Therefore, the microswimmers in 6,8 and 9 move towards their magnetic head while in Dreyfus' microswimmer 1 the nonmagnetic red blood cell is pulled towards the magnetic tail. Another key dierence between the three types of magnetic microswimmers is the dependence on actuation frequency ω of the magnetic eld: for the rst type of rigid helical swimmer, the forward speed V increases linearly with ω until reaching an ultimate upper bound at a critical value of ω called step-out frequency. On the other hand, the second and third type of swimmers with a exible tail have a resonance-like frequency dependence, where V vanishes for ω → 0 and ω → ∞ and attains a maximum for some intermediate frequency.
All these magnetic microswimmers mentioned above have a promising potential in modern biomedicine, for performing various minimally-invasive tasks inside the human body in blood vessels, digestive system or even inside the brain.
11 Importantly, many of these biomedical tasks require capabilities of towing a cargo, which may be a small capsule for targeted drug delivery, a tiny camera for transmitting images, or even tools for taking biopsies of small tissue samples. The planar microswimmer's model is depicted in Fig.1 . It consists of a spherical cargo of radius r and a slender link of length l and cross-sectional radius a ≪ l, which are connected by a exible rotary joint with torsion stiness constant k. The internal torque acting at the exible joint is given by τ = −kφ, where φ is the relative angle at the joint. A planar uniform time-varying external magnetic eld is applied, which is given by
T , where ψ(t) = ε sin(ωt).
(
That is, the magnetic eld B(t) has a constant magnitude of B 0 and its direction is oscillating in x − y plane about x axis at a frequency ω and angular amplitude of ε. The generalized coordinates that describe the swimmer's planar motion are chosen as q = (x, y, θ, φ)
T , where (x, y) denote the position of the joint and θ is the orientation angle of the spherical cargo, see Fig. 1 . For convenience, we rst consider case A where the slender link has a constant magnetization of strength h which is directed along its longitudinal axist, while the spherical cargo (head) is assumed to be non-magnetic. The magnetic eld generates a time-varying external torque on the slender link, which is given by
Due to the swimmer's small scale, it is assumed that its motion is governed by low
Reynolds number hydrodynamics where viscous drag forces dominate while inertial eects are negligible. The total forces and torques of viscous drag that act on the slender link are approximated by using resistive force theory, 22,23 as follows:
where v l is the linear velocity of the link's center, ω l is its angular velocity about z axis,
is the viscous resistance in the link's axial directiont, and c n = 2c t is the viscous resistance in the normal directionn. The uid's viscosity is µ and the nondimensional constant γ depends logarithmically on the link's slenderness ratio as γ = log(L/a) where L is a characteristic length scale.
23 Neglecting hydrodynamic interaction between the cargo and the slender link, the viscous drag forces and torques acting on cargo are given by:
where v r is the linear velocity of the cargo's center, and ω r is its angular velocity aboutẑ axis.
The dynamic equations of the microswimmer can be obtained by using the assumption of quasistatic motion, which implies that the net forces and torques acting on each link must sum to zero. This gives the following set of equations:
where r r and r l are vectors from the joint to the center of the cargo and center of the tail, respectively. The rst equation in (5) is the total force balance on the entire swimmer, which
gives two scalar equations in x, y components. The second equation is z component of torque balance about the joint for the entire swimmer, and the last equation in (5) is z component of torque balance about the joint for the cargo only, which also counts the internal joint torque τ . Substituting equations (2), (3) and (4) into (5) and expressing r r , r l , v r and v l in terms of generalized coordinates and velocities q,q then yields a 4 × 4 linear system inq, which is given explicitly as:
where
Equation (6) is a coupled nonlinear rst-order time-dependent dierential equation in q(t)
which governs the microswimmer's motion.
Next, characteristic scales and nondimensional parameters are dened in order to obtain normalized (i.e. dimensionless) equations of motion. Analogously to our pervious work, 10 we dene two characteristic time scales, the visco-magnetic time is t m = . Additionally, we dene two nondimensional parameters as α = t m /t k and δ = l/r. The equations of motion (6) are then normalized by scaling the time t and frequency ω with respect to t m and scaling distances by the radius of the cargo r.
We now analyze the swimmer's dynamics assuming small-amplitude oscillations in the direction of the magnetic eld, i.e. ε ≪ 1 in (1). The solution q(t) of the (normalized)
equations of motion (6) is expanded into a power series in ε as q(t) = εq 1 (t) + ε 2 q 2 (t) + . . . .
Since the expressions in (6) are independent of the position x, y and depend only on the angles θ and φ, their dynamics is uncoupled and can be analyzed rst. The rst-order terms in ε from (6) give the linearized dynamic equations of θ 1 (t) and φ 1 (t) in normalized time as:
This system is linearly stable for any positive α, δ and γ, since the eigenvalues of the matrix [A ij ] in (8) always have negative real parts. This implies that transient terms in the solution of (7) decay exponentially to zero. Therefore, we consider only the steady-state solution of (7), which takes the form:
The rst-order dynamics of the swimmer's translation x, y is degenerateẋ 1 =ẏ 1 = 0.
The second-order dynamics of x(t) is given by:
sin(ωt)φ 1 (t) (10) Substituting the solutions of φ 1 (t) and θ 1 (t) from (9) into (10) and integrating in time then gives the steady-state second-order solution of x(t), which takes the form:
Thus, the leading-order expression for the (normalized) mean forward speed of the swimmer is V = ε 2 V 2 (ω, α, δ). The net forward displacement per cycle is dened as X = V /T , where T = 2π/ω is the period time. Explicit leading-order expressions for the speed V and displacement X are obtained as:
Next, we consider energy expenditure of the microswimmer. The total mechanical work W expended in one period of the swimmer is given by
where P (t) is the instantaneous power expended by the magnetic torque M B (t). (The same value of W can also be obtained by integrating the power dissipation due to viscous drag forces over one period). The average power is dened asP = W/T . Expanding M B (t) in (2) and substituting the leading-order solution (9) one obtains the leading-order expression for the (normalized) average power as:
Lighthill's energetic eciency is dened as η = V 2 /P , which compares the power required to rigidly dragging the undeformed swimmer by an external force to the actual power required for swimming at the same mean speed. Using (11) and (14), the leading-order expression for Lighthill's eciency is obtained as
The fact that η scales as ε 2 indicates that increasing the actuation amplitude results in larger energetic eciency. Importantly, the dependence of X, V and η on the actuation frequency ω in (11) and (15) indicates that all these quantities vanish at the extreme cases of ω → 0 and ω → ∞. seen that X, V and η are maximized at dierent actuation frequencies denoted by ω x , ω v and ω η , respectively. Analytic expressions for these frequencies can be obtained as follows.
From (11), the optimal frequency that maximizes the forward speed V is given by
The optimal frequency that maximizes the net displacement X is given by
Note that X is similar to the scaled speed V /ω which is considered as a performance measure in several other works, cf.
6 Using (15), the optimal frequency that maximizes Lighthill's energetic eciency η is obtained as the positive real solution ω η of the bi-cubic equation:
It can be veried numerically that the optimal frequency are typically ordered as ω x < ω η < ω v , as demonstrated in Fig. 2(a) .
Next, we consider optimization of other physical parameters of the swimmer, namely the nondimensional stiness α and tail-cargo size ratio δ, for maximizing either V , X or η. Since the dependence on the slenderness parameter γ is less signicant, we choose a typical value of γ = 3, which is adopted from the microswimmers in 9 and corresponds to slenderness ratio of L ≈ 20a. Substituting the optimal frequency ω = ω v in (17) into the expression for V in (11) gives:
Figure 2(a) shows a contour plot of V (ω v ) as a function of α and δ for γ = 3. It can be seen that for a given value of α there exists an optimal value of δ, and vice versa. Moreover, there exist optimal combination of both parameters for which the speed V (ω v ) attains a global maximum. This can also be shown analytically, as follows. From (11) and (17), the optimal value of α that maximizes V (ω v ) for given δ is obtained as
Substituting α = α v into (20) then gives V as a function of δ:
For a given value of γ, the optimal value of the size ratio δ is obtained by nding the positive real root of a 8 th -order polynomial in δ. Choosing γ = 3, a global maximum for the speed V max is attained for ω v ≈ 0.5713, α v ≈ 10.88 and δ v ≈ 1.7016, such that V max = 3.1 · 10 −3 ε 2 r tm . Remarkably, it can be seen that the optimal tail length is shorter than the diameter of the cargo. This is in qualitative agreement with the observation made in 19 that the optimal helical tail for towing a cargo is very short just a bit longer than a single pitch of the helix.
Substituting the optimal frequency ω = ω x into the expression for the forward displacement X in (11), it can be shown that for given values of δ and γ, maximization of X(ω x ) is attained at the non-physical limit of α, ω x → 0. The same phenomenon also occurred for the two-link microswimmer model analyzed in.
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For given values of α and γ, the dependence of X(ω x ) on δ is complicated. Nevertheless, there is also an optimal value of δ which maximizes X(ω x ). For example, choosing α = α v = 10.88 and γ = 3, one obtains an optimal frequency of ω x = 0.06826 and optimal size ratio of δ x = 3.018, which gives X = 106.7 · 10 −3 ε 2 r. That is, the optimal tail for maximizing X is longer than the one required for maximizing V . For these parameter values, the mean speed is indeed suboptimal, V = 1.
The expression for Lighthill's eciency (15) is also maximized at a unique optimal combination of the parameters α, δ and frequency ω. This aects the denition of normalized frequency and stiness, which now satisfy ω ′ = δω and α ′ = δα. The expressions for the net displacement per period X and Lighthill's eciency η can be directly obtained by substituting ω = ω ′ /δ and α = α ′ /δ into (11) and (15), respectively. The mean speed V ′ is now normalized by the new time scale t ′ m , and thus one has to use the relation V ′ = δV in (11) and (22), in addition to the above substitutions.
Importantly, despite the fact that the magnetic moment M B grows linearly in the length l, there still exists an optimal size ratio δ which maximizes either V ′ , X, or η. Optimal values can be obtained similarly to the previous case of constant tail's magnetization, but naturally result in dierent numerical values due to the dierent dependence on δ. The optimization results for this case are summarized in Table 1 (middle column) . Notably, the optimal size ratio δ for maximizing V or X is now signicantly larger due to the dependence of the magnetic moment on δ which changes the tradeo with increased drag.
We now consider case C of a non-magnetic tail with a constant length, and a variable-size cargo attached to a small particle with constant magnetization h, as in.
6 This case dictates slight changes in the equations of motion, as follows. First, since the magnetic moment M B in (2) now acts on the head, it is given as M B (θ, t) = hB 0 sin(ψ(t) − θ). additionally, the third equation in (5) is changed to M r + r r × f r − τ + M B = 0. Finally, the right hand side of
T . Since the head size is variable, it is more reasonable to scale distances by the tail's length l, and redene the two characteristic times
, while the denitions of α = t m /t k and δ = l/r are unchanged.
Derivation of the leading-order solution of (6) follows the same process as described above, and approximate expressions of X, V and η have the same structure as in (11) and (15), where the coecients are changed to:
The optimization process for maximizing X, V or η is the same as above, and optimal parameter values are summarized in Table 1 (right column). Note that in this case the motion is towards the magnetic head, hence X and V are negative.
We now compare the theoretical results of our model to reported experimental results of several cargo-towing magnetic microswimmers, as summarized in Table 2 give physical values of The ve right columns in Table 2 show predicted optimal performance of our theoretical model for the same values of the microswimmers' physical parameters. The columns of V α and X α denote the maximal speed and displacement in our theoretical model, which are obtained by choosing the optimal value of the stiness parameter α while using the same frequency f and tail-head size ratio δ as given in the left columns. The next column denotes the optimal size ratio δ opt for maximizing both X and V , for the same physical values and actuation frequency (according to (11) , for a xed frequency ω both X and V are maximized for the same combination of α and δ). Finally, the columns of V αδ and X αδ denote the maximal speed and displacement in our theoretical model, which are obtained by optimizing both δ and α.
It can be seen that the results of our theoretical model roughly fall within the same order of magnitude as the experimental microswimmers. It seems that the spatial corkscrewlike motion of Gao 6 outperforms planar undulations as in our model. It is a bit harder to compare the performance of rigid helices (Walker and Tottori) to our model due to the dierent dependence on frequency, and to the irrelevance of the small amplitude parameter ε in their actuation (we arbitrarily chose ε = 1rad for the comparison). As for Dreyfus' undulating microswimmer, our model shows good agreement in V α and X α . Moreover, it predicts that X and V can be slightly improved by increasing the tail's length δ for the same values of frequency and magnetization per unit length (as estimated from 24 ). On the other hand, performance of Khalil's magnetosperm 8 seems to be suboptimal since its tail's length appears to be signicantly too large. Nevertheless, one cannot expect a perfect quantitative matching between a exible tail and a rigid link whose exibility is lumped entirely into a single joint, as in our theoretical model. Finally, it should be noted that our model does not account for hydrodynamic interaction between the cargo and the tail, hence the quantitative accuracy of the result is limited, particularly in cases of a short tail, i.e. δ ≈ 1.
In conclusion, we have presented a simple theoretical two-link model of a magnetic microswimmer with a spherical cargo and a slender tail. We have analyzed the swimmer's dynamics and obtained explicit leading-order expressions for its mean speed V , displacement X and Lighthill's energetic eciency η, under small-amplitude expansion. We found optimal combinations of frequency, stiness and tail-cargo size ratio for maximizing either X, V , or η. Each of these performance measures is maximized at a dierent range of optimal parameters. We have also demonstrated the importance of the choice of scaling which must be adapted to the particular type of the microswimmer, depending on its constant and variable physical parameters. We have conducted qualitative order-of-magnitude comparison of our model with several experimental cargo-towing microswimmers. Our work demonstrates the importance of simple low-dimensional models of microswimmers for understanding the qualitative dependence of swimming performance on physical properties of the swimmer and its actuation. Nevertheless, these theoretical models must be augmented with numerical analysis of more detailed and accurate models, as well as quantitative analysis of experimental measurements.
